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Formule

I F (s) = L(f (t)) =

∫ ∞
0

f (t)e−stdt.

I f (t) = L−1(F (s)) =
1

2πi
lim

T→∞

∫ γ+iT

γ−iT
estF (s)ds,

kjer je γ > <(s).

I S pomočjo Chauchyjevega izreka o residuih:

f (t) =
∑
k

Res(estF (s), sk).

I Računanje residuov v polu n-te stopnje sk :

Res(estF (s), sk) =
1

(n − 1)!
lim
s→sk

dn−1

dsn−1

(
(s − sk)nestF (s)

)
.

I Računanje residuov v polu prve stopnje v sk , če je

F (s) =
P(s)

Q(s)
, Res(estF (s), sk) = esk t

P(sk)

Q ′(sk)
.



Pravila: a > 0, b ∈ R

I L (b1 f (t) + b2 g(t)) = b1 F (s) + b2 G (s)

II L ((f ∗ g)(t)) = F (s)G (s)

III L (H(t − a)f (t − a)) = e−asF (s)

IV L
(
ebt f (t)

)
= F (s − b) V L (f (a t)) =

1

a
F
( s
a

)
VI L

(
f (n)(t)

)
= snF (s)− sn−1f (0)− sn−2f ′(0)− · · · − f (n−1)(0)

VII L (tnf (t)) = (−1)nF (n)(s)

VIII L
(
f (t)

t

)
=

∫ ∞
s

F (σ)dσ IX L
(∫ t

0
f (τ)dτ

)
=

F (s)

s

X lim
t↘0

f (t) = lim
s→∞

(sF (s)) XI lim
t→∞

f (t) = lim
s→0

(sF (s))



Laplaceova transformacija nekaterih funkcij

Konstanta a > 0, medtem ko je b ∈ R.

1. L (H(t)) =
1

s

2. L (tn) =
n!

sn+1

3. L
(
ebt
)

=
1

s − b

4. L (H(t − a)) =
1

s
e−at

5. L (sin(bt)) =
b

s2 + b2

6. L (cos(bt)) =
s

s2 + b2

7. L (t sin(bt)) =
2bs

(s2 + b2)2

8. L (t cos(at)) =
s2 − b2

(s2 + b2)2

9. L (δ(t)) = 1

10. L (δ(t − a)) = e−as



Poǐsči Laplaceovo transformacijo funkcije

f (t) = H(t).

I

∫ ∞
0

H(t)e−st dt =

∫ ∞
0

e−st dt →

I Ker mora biti lim
t→∞

e−st = 0, je <(s) > 0.→

I
1

s
e−st

∣∣∣∣∞
0

=
1

s
.

I L (H(t)) =
1

s
, <(s) > 0.



Poǐsči Laplaceovo transformacijo funkcije

f (t) = et .

I

∫ ∞
0

ete−st dt =

∫ ∞
0

e(1−s)t dt →

I Ker mora biti lim
t→∞

e(1−s)t = 0, je <(s) > 1.→

I
1

1− s
e(1−s)t

∣∣∣∣∞
0

=
1

s − 1
.

I L
(
et
)

=
1

s − 1
, <(s) > 1.



Poǐsči Laplaceovo transformacijo funkcije

f (t) = e iωt .

I

∫ ∞
0

e iωte−st dt =

∫ ∞
0

e(iω−s)t dt →

I Ker mora biti lim
t→∞

e(iω−s)t = 0, je <(s) > 0.→

I
1

iω − s
e(iω−s)t

∣∣∣∣∞
0

=
1

iω − s
.

I L
(
et
)

=
1

s − iω
, <(s) > 0.



Poǐsči Laplaceovo transformacijo funkcije

f (t) = cos(ωt).

I cos(ωt) =
e iωt + e−iωt

2
→

I L
(
e iωt

)
=

1

s − iω
→ I L

(
e−iωt

)
=

1

s + iω
→

I L (cos(ωt)) =
1

2

(
1

s − iω
+

1

s + iω

)
=

s

s2 + ω2
.

I L (cos(ωt)) =
s

s2 + ω2
, <(s) > 0.



Poǐsči L (f (t)) z uporabo pravil.

f (t) = e−λt cos(ωt).

I Uporabimo (6)→(IV).

I L (cos(ωt)) =
s

s2 + ω2
→

I L
(
e−λt cos(ωt)

)
=

s + λ

(s + λ)2 + ω2
.

I L
(
e−λt cos(ωt)

)
=

s + λ

(s + λ)2 + ω2
.



Poǐsči L (f (t)) z uporabo pravil.

f (t) = t2e−λt .

I Lahko uporabimo (VII) ali pa (2)→(IV).

I L
(
t2
)

=
2

s3
→

I L
(
t2e−λt

)
=

2

(s + λ)3
.

I L
(
t2e−λt

)
=

2

(s + λ)3
.



Poǐsči L (f (t)) z uporabo pravil.

f (t) = t2 sin(ωt).

I Uporabimo (VII).

I L (sin(ωt)) =
ω

s2 + ω2
→

I L
(
t2 sin(ωt)

)
=

(
ω

s2 + ω2

)(2)

= −
2ω
(
ω2 − 3s2

)
(s2 + ω2)3

I L
(
t2 sin(ωt)

)
= −

2ω
(
ω2 − 3s2

)
(s2 + ω2)3

.



Poǐsči L (f (t)) z uporabo pravil.

f (t) = sin(t − π

3
).

I Ne moremo uporabiti (III), ker je f (t) = H(t) sin(t − π

3
).

I Uporabimo adicijski izrek sin t cos
π

3
− sin

π

3
cos t →.

I Uporabimo (I)→ (5, 6)→.

I L (f (t)) =
1−
√

3s

2s2 + 2
.



Poǐsči L (f (t)) z uporabo pravil.

f (t) = sin2 t.

I Uporabimo formulo sin2 t =
1

2
(1− cos(2t))→.

I Uporabimo (I)→ (6)→.

I L (f (t)) =
2

s3 + 4s
.



Poǐsči L (f (t)) z uporabo pravil.

f (t) =

{
1 0 ≤ t ≤ 1

0 drugod
.

I Lahko zapǐsemo f (t) = H(t)− H(t − 1).

I Uporabimo (1) → (III).

I L (f (t)) =
1

s

(
1− e−t

)
.



Poǐsči L (f (t)) z uporabo pravil.

f (t) =

∫ t

0

1− e−τ

τ
dτ .

I Uporabimo (IX)→(VIII) →(2,3).

I F (s) =
1

s
L
(

1− e−τ

τ

)
=→

I =
1

s

∫ ∞
s

(
1

σ
− 1

σ + 1

)
dσ =→

I =

∫ ∞
s

dσ

σ(σ + 1)
= ln

σ

σ + 1

∣∣∣∣∞
s

= −1

s
ln

s

s + 1

I L
(∫ t

0

1− e−τ

τ
dτ

)
=

1

s
ln

s + 1

s
, <(s) > 0.



Poǐsči L (f (t)) z uporabo pravil.

f (t) =

∫ t

0
e2τ cos(t − τ).

I Uporabimo (II)→(3,6)→.

I F (s) = L
(
e2t
)
L (cos t) =→

I =
1

s − 2

s

s2 + 1
=

s

(s − 2)(s2 + 1)
.

I L
(∫ t

0
e2τ cos(t − τ)

)
=

s

(s − 2)(s2 + 1)
.



Poǐsči L (f (t)) z uporabo pravil.

f (t) =

{
sin t π

2 ≤ t

0 drugod
.

I Lahko zapǐsemo f (t) = H(t − π
2 ) sin

(
(t − π

2 ) + π
2

)
.

I Uporabimo (III) → adicijski izrek → (6)→

I L (f (t)) = e−
π
2
s s

s2 + 1
.



Poǐsči L−1 (F (s)) z uporabo pravil.

F (s) =
s

s2 + 2s + 2
.

I Lahko zapǐsemo

F (s) =
s

(s + 1)2 + 1
=

s + 1

(s + 1)2 + 1
− 1

(s + 1)2 + 1
→

I (IV) → (5, 6)→

I L−1 (F (s)) = e−t (cos t − sin t).



Poǐsči L−1 (F (s)) z uporabo pravil.

F (s) =
s2 − 4

s3 + 2s2 − 3s
.

I Lahko zapǐsemo F (s) =
s2 − 4

s(s + 3)(s − 1)
→.

I Razcepimo na parcialne ulomke

→ F (s) =
4

3s
+

5

12(s + 3)
− 3

4(s − 1)
.

I Uporabimo (I)→(1)→(IV)→

I L−1 (F (s)) =
5e−3t

12
− 3et

4
+

4

3
.



Poǐsči L−1 (F (s)) z uporabo pravil.

F (s) =
s2 + 4

s4 + 2s3 + 2s2
.

I Lahko zapǐsemo F (s) =
s2 + 4

s2(s2 + 2s + 2)
→.

I Razcepimo na parcialne ulomke

→ 2s + 3

s2 + 2s + 2
+

2

s2
− 2

s
=

2(s + 1) + 1

(s + 1)2 + 1
+

2

s2
− 2

s
.

I Uporabimo (I)→(2,5,6)→(IV) →

I L−1 (F (s)) = 2(t − 1) + e−t(sin t + 2 cos t).



Poǐsči L−1 (F (s)) z uporabo pravil.

F (s) =
s

(s2 + 1)2
.

I Uporabimo (II)→(5,6)→.

I L−1

(
1

s2 + 1

)
L−1

(
s

s2 + 1

)
=

∫ t

0
sin τ cos(t − τ) dτ →

I cos t

∫ t

0
cos τ sin τ dτ + sin t

∫ t

0
sin2 τ d = τ →

I
1

2
t sin t

I L−1

(
s

(s2 + 1)2

)
=

1

2
t sin t



Poǐsči L−1 (F (s)) z uporabo pravil.

F (s) =
s2 + 4

s6 + 2s4 + s2
.

I Lahko zapǐsemo F (s) =
s2 + 4

s2(s2 + 1)2
→.

I Razcepimo na parcialne ulomke → 4

s2
− 4

s2 + 1
− 3

(s2 + 1)2
.

I Uporabimo (I)→(2,5,6)→(II) →

I L
(∫ t

0
sin(τ) sin(t − τ)dτ

)
=

1

s2 + 1

1

s2 + 1
→

I L−1 (F (s)) =
1

2
(8t − 11 sin(t) + 3t cos(t)).



Poǐsči L−1 (F (s)) s pomočjo residuov.

F (s) =
s2 + 4

s6 + 2s4 + s2
.

I Lahko zapǐsemo F (s) = s2+4
s2(s2+1)2 →.

I Singularne točke 0, i in −i so poli druge stopnje.

I Res(estF (s), i) = lim
s→i

(
est(s − i)2F (s)

)′
=→

I
(
est s2+1

s2(s+i)2

)′∣∣∣∣
s=i

= −1
8e

it(−6t − 22i).

I Res (est , 0) = 4t, Res (est ,−i) = −1
8e
−it(−6t + 22i).

I Vsota residuov je 1
2 (8t − 11 sin(t) + 3t cos(t)).

I L−1 (F (s)) =
1

2
(8t − 11 sin(t) + 3t cos(t)).



Reši diferencialno enačbo

ẋ(t) + x(t) = e−t , x(0) = 1.

I s (Lt [x(t)](s)) + Lt [x(t)](s)− x(0) =
1

s + 1
,

I Lt [x(t)](s) =
sx(0) + x(0) + 1

(s + 1)2
,

I x(t)→ e−t(t + 1).



Reši diferencialno enačbo

ẍ(t) + ẋ(t) = te−t , x(0) = 0, ẋ(0) = 0.

I s2 (Lt [x(t)](s)) + s (Lt [x(t)](s)) =
1

(s + 1)2
,

I Lt [x(t)](s) =
1

s(s + 1)3
,

I x(t) = 1− 1

2
e−t(t(t + 2) + 2).



Reši diferencialno enačbo

ẍ(t) + x(t) = 0, x(0) = 0, ẋ(0) = 1.

I s2Lt [x(t)](s) + Lt [x(t)](s) = sx(0) + ẋ(0)

I Lt [x(t)](s) =
1

s2 + 1
I x(t) = sin t.



Reši diferencialno enačbo

ẍ(t) + x(t) = δ(t), x(0) = 0, ẋ(0) = 0.

I s2Lt [x(t)](s) + Lt [x(t)](s) = 1 + sx(0) + ẋ(0),

I Lt [x(t)](s) =
1

s2 + 1
,

I x(t) = sin t.



Reši diferencialno enačbo

ẍ(t) + x(t) = sin t, x(0) = 0, ẋ(0) = 0.

I s2Lt [x(t)](s)) + Lt [x(t)](s) = sx(0) + ẋ(0) +
1

s2 + 1
,

I Lt [x(t)](s) =
1

(s2 + 1)2
,

I x(t) = 1
2 (sin(t)− t cos(t)).



Graf funkcije x(t)
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Reši diferencialno enačbo

ẍ(t) + x(t) = sin (2t), x(0) = 0, ẋ(0) = 0.

I s2Lt [x(t)](s) + Lt [x(t)](s)− sx(0)− ẋ(0) =
2

s2 + 4
,

I Lt [x(t)](s) =
2

(s2 + 1) (s2 + 4)
,

I x(t) =
2

3
sin t − 1

3
sin (2t).



Graf funkcije x(t)
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Reši diferencialno enačbo

ẍ(t) + 4ẋ(t) + 4x(t) = 0, x(0) = 1, ẋ(0) = 4.

I s2 (Lt [x(t)](s)) + 4 (Lt [x(t)](s)) + 4 (s (Lt [x(t)](s))− 1)−
s − 4 = 0

I Lt [x(t)](s) =
s + 8

(s + 2)2

I x(t) = e−2t(6t + 1)



Reši diferencialno enačbo

ẍ(t) + 4ẋ(t) + 4x(t) = 0, x(0) = 0, ẋ(0) = 1.

I s2Lt [x(t)](s) + 4Lt [x(t)](s) + 4sLt [x(t)](s) =
4x(0) + sx(0) + ẋ(0),

I Lt [x(t)](s) =
1

(s + 2)2
,

I x(t) = e−2tt.
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Reši diferencialno enačbo

ẍ(t) + ẋ(t) + 4x(t) = 0, x(0) = 0, ẋ(0) = 1.

I s2Lt [x(t)](s) + sLt [x(t)](s) + 4Lt [x(t)](s) =
sx(0) + ẋ(0) + x(0),

I Lt [x(t)](s)→ 1

s2 + s + 4
,

I x(t) =
2√
15

e−t/2 sin

(√
15t

2

)
.



Graf funkcije x(t)
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Reši diferencialno enačbo

ẍ(t) + 4x(t) = sin (2t), x(0) = 0, ẋ(0) = 1.

I s2 (Lt [x(t)](s)) + 4 (Lt [x(t)](s))− sx(0)− ẋ(0) =
2

s2 + 4
,

I Lt [x(t)](s) =
s2 + 6

(s2 + 4)2
,

I x(t) =
1

8
(5 sin(2t)− 2t cos(2t))



Reši diferencialno enačbo ẍ(t) + 4x(t) = f (t), kjer je

x(0) = 0, ẋ(0) = 0 in f (t)


1, 0 ≤ t ≤ 1

−1, 1 < t ≤ 2

0, drugod

.

I
(
s2 + 4

)
(Lt [x(t)](s)) = s x(0) + ẋ(0) +

1

s

(
1− 2e−s + e−2s

)
,

I Lt [x(t)](s) =
e−2s (es − 1)2

s (s2 + 4)
,

I x(t) =
1
2

(
θ(t − 2) sin2(2− t) + θ(t − 1)(cos(2− 2t)− 1) + sin2(t)

)
.



Graf funkcije x(t)

-1 1 2 3 4 5 6

- 0.6

- 0.4

- 0.2

0.2

0.4

0.6



Reši sistem diferencialnih enačb

ẋ(t) = y(t)− x(t) + z(t), x(0) = 0,

ẏ(t) = x(t)− y(t), y(0) = 0,

ż(t) = −z(t), z(0) = 1.

I

sLt [x(t)](s) = −Lt [x(t)](s) + Lt [y(t)](s) + Lt [z(t)](s)

sLt [y(t)](s) = Lt [x(t)](s)− Lt [y(t)](s)

sLt [z(t)](s) = −Lt [z(t)](s) + 1

I x(t) = 1
2e
−2t
(
e2t − 1

)
, y(t) = 1

2e
−2t (et − 1)2 , z(t) = e−t



Reši integralsko enačbo

x(t) = t2 +
∫ t

0 x(τ)dτ .

I Lt [x(t)](s) =
Lt [x(t)](s)

s
+

2

s3
,

I Lt [x(t)](s) =
2

(s − 1)s2
,

I x(t)→ 2
(
−t + et − 1

)
.



Reši integralsko enačbo

x(t) = t + 2− 2 cos(t)−
∫ t

0 (t − τ)x(τ)dτ .

I Lt [x(t)](s) = −Lt [x(t)](s)

s2
− 2s

s2 + 1
+

1

s2
+

2

s
,

I Lt [x(t)](s) =
s2 + 2s + 1

(s2 + 1)2
,

I x(t) = t sin(t) + sin(t).



Reši integralsko enačbo

x(t) = t −
∫ t

0 x(τ) cos(t − τ)dτ .

I Lt [x(t)](s) =
1

s2
− s (Lt [x(t)](s))

s2 + 1

I Lt [x(t)](s) =
s2 + 1

s2 (s2 + s + 1)

I x(t) = −1 + t +
e−t/2

√
3

(
√

3 cos

(√
3t

2

)
− sin

(√
3t

2

))
.



Reši integro-diferencialno enačbo

ẋ(t) = t +
∫ t

0 x(τ) cos(t − τ)dτ , x(0) = 1

I s (Lt [x(t)](s))− 1 =
s (Lt [x(t)](s))

s2 + 1
+

1

s2

I Lt [x(t)](s) =

(
s2 + 1

)2

s5

I x(t) =
t4

24
+ t2 + 1.



Reši integro-diferencialno enačbo

ẍ(t) +

∫ t

0
(x(τ) + ẍ(τ)) sin(t − τ)dτ = 2 cos(t),

x(0) = 0, ẋ(0) = 0.

I s2 (Lt [x(t)](s)) + Lt [x(t)](s) =
2s

s2 + 1
,

I Lt [x(t)](s) =
2s

(s2 + 1)2
,

I x(t) = t sin(t).



Reši sistem integralskih enačb

x(t) = t +
∫ t

0 y(τ)dτ , y(t) = 1 +
∫ t

0 x(τ)dτ

I Lt [x(t)](s) =
Lt [y(t)](s)

s
+

1

s2

Lt [y(t)](s) =
Lt [x(t)](s)

s
+

1

s

I Lt [x(t)](s) =
2

s2 − 1
, Lt [y(t)](s) =

2s

s2 − 1
− 1

s
I x(t) = e−t

(
e2t − 1

)
, y(t) = e−t + et − 1
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