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Exotic options in the Black Scholes model

• Barrier Options

• Asian options

• Lookback options

• Rainbow Options
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Simulation of diffusion in Black and Scholes model

In the Black and Scholes model, the underlying asset price St follows the diffusion:

dSt = rStdt+ σStdBt

and then the price is a geometric Brownian process:

St = S0 exp

((

r − σ2

2

)

t+ σBt

)

• Forward simulation:

With scheme T for the discretization, we have:

Stk+1
= Stk

exp

(

(r − σ2

2
)(tk+1 − tk) + σBtk+1−tk

)

and for a discretization with evenly spaced intervals of size h, we simply have:

Stk+1
= Stk

exp

(

(r − σ2

2
)h+ σ

√
hgk

)
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Barrier options
The payoff of a knock-out single or double barrier is given by f(ST ) provided that the

underlying asset price S does not hit on the barrier(s) during the time interval [0, T ]; if it does,

a pre-specified cash rebate R is paid out.

For example, let us consider a call-down-and-out options.

Let

τL = inf{u > 0 ; Su ≤ L}

be the hitting time on the barrier L.

Payoff function






e−rT (ST (x) −K)+ if τL ≥ T

e−rτLR if τL < T
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Asian options
The price of an European Asian option is given by

P (0, s, s) = E
[
e−rT f(ST , AT )|S0 = s,A0 = s

]
.

where AT is the integral mean

AT =
1

T

∫
T

0

Stdt

Payoff examples

• Fixed Asian Call: the payoff is (AT −K)+.

• Fixed Asian Put: the payoff is (K − AT )+.

• Floating Asian Call: the payoff is (ST − AT )+.

• Floating Asian Put: the payoff is (AT − ST )+.

5



Mean Approximations
Payoff

(Smean −K)+ = (
1

T

∫
T

0

Stdt−K)+

Let h = T
N

be the time discretization step.

- Riemann
∫

T

0

Stdt ≈
N−1∑

i=0

Sihh = h
(
S0 + Sh + · · · + S(N−2)h + S(N−1)h

)

- Trapezoidal ∫
T

0

Stdt ≈
1

2
h
(
S0 + 2Sh + · · · + 2S(N−2)h + S(N−1)h

)
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Lookback options
Lookback options are options whose payoff depend on the maximum or minimum of the

underlying asset price reached during the life of the option.

The price of an European lookback option is given by

P (0, s, s) = E
[
e
−rT

f(ST ,MT )|S0 = s,M0 = s
]
.

where MT

MT = max
0≤t≤T

St

mT = min
0≤t≤T

St

Payoff example:

• Fixed Lookback Call: the payoff is (MT −K)+.

• Fixed Lookback Put: the payoff is (K −mT )+.

• Floating Lookback Call: the payoff is (ST −mT )+.

• Floating Lookback Put: the payoff is (MT − ST )+.
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Multivariate normal random variables (Gaussian vector)
Multidimensional models will generally involve Gaussian processes with values in Rn.

Let X = (X1, . . . , Xn) be a random vector with values in Rn. Its distribution is characterized by

- the vector of its expectations

m = (m1, · · · ,mn)
t
= (E(X1), · · · , E(Xn))

t

- its variance-covariance matrix

Σ = (Σij)1≤i≤n,1≤j≤n

where

Σij = Cov(Xi, Xj) = E(XiXj) − E(Xi)E(Xj).

A random vector X = (X1, . . . , Xn) is a Gaussian vector, if for each a1,. . . , an, the real valued

random variable
∑n

i=1 aiXi is normal.

Property A linear transformation of a Gaussian vector is a Gaussian vector.

X ∼ N(m,Σ) ⇒ AX ∼ N(Am,AΣA
t
)
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- Example. Standard gaussian vector

G = (g1, · · · , gn)t

with g1, · · · , gn i.i.d N(0, 1). Then

G ∼ N(0, I)

- Example. Brownian vector

(Bt1 , . . . , BtN
)

is a Gaussian vector.

Moreover

E(Bti
) = 0.

Assume that 0 < s < t

Cov(Bs, Bt) = Cov
(
Bs, Bs+(Bt−Bs)

)
= Cov(Bs, Bs)+Cov(Bs, (Bt−Bs)) = s = min (s, t).

Σij = min (ti, tj).

Then

(Bt1 , . . . , BtN
) ∼ N(0,Σ).
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Simulation of Gaussian vectors

- Remember that to simulate a Gaussian random variable X ∼ N(µ, σ2) with mean µ and

variance σ2

X = µ+ σg,

with g ∼ N(0, 1)

- Because of the linear transformation property

X = m+ AG ∼ N(m,AIAt) = N(m,AAt)

- Let Σ be a invertible matrix. In order to simulate a Gaussian vector

X ∼ N(m,Σ)

we compute A lower triangular such that

AAt = Σ

A is called the square root of Σ.

In order to compute A we can use the Cholevski algorithm.
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Algorithm

Simulation of a Gaussian vector X ∼ N(m,Σ)

- Compute the square root of the matrix Σ, say A the lower triangular matrix.

- Simulate n indipendent standard random variables ∼ N(0, 1) G = (g1, · · · , gn)t.

- Return m+ AG.
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Cholevski Algorithm

- STEP 0,

- a11 =
√
Σ11

- ai1 =
Σi1
a11

1 ≤ i ≤ n

STEP 1

- aii =
√

Σii −
∑i−1

j=1 a
2
ij for 1 < i ≤ n

- aij =
Σij−

∑j−1
k=1

aikajk

ajj
1 < j < i ≤ n

- aij = 0 1 < i < j ≤ n
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-->C=[1 -0.7 0.2;-0.7 1 0.2;0.2 0.2 1]

C =

! 1. - 0.7 0.2 !

! - 0.7 1. 0.2 !

! 0.2 0.2 1. !

-->m=[2 2 2]

m =

! 2. 2. 2. !

-->G=rand(1,3,’normal’)

G =

! - 1.7350313 0.5546874 - 0.2143931 !

-->G=G’

G =

! - 1.7350313 !

! 0.5546874 !

! - 0.2143931 !

13



-->m=m’

m =

! 2. !

! 2. !

! 2. !

-->A=chol(C)

A =

! 1. - 0.7 0.2 !

! 0. 0.7141428 0.4760952 !

! 0. 0. 0.8563488 !

-->A=A’

A =

! 1. 0. 0. !

! - 0.7 0.7141428 0. !

! 0.2 0.4760952 0.8563488 !

-->X=m+A*G

X =

! 0.2649687 !

! 3.610648 !

! 1.7334825 !
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Example : Brownian vector
Let Σ be the variance-covariance matrix of the vector (Bt1 , . . . , BtN

)

Σij = min (ti, tj)

Then

(Bt1 , . . . , BtN
) ∼ N(0,Σ)

We compute the square root matrix of using the Cholevski algorithm

AA
t
= Σ

(1) A =





√
t1 0 0 · · · 0 0

√
t1

√
t2−t1 0 0 · · · · · ·

· · · · · · · · · · · · · · · 0

√
t1

.

.

.
. . .

. . .
. . .

.

.

.
√

t1
√

t2−t1 · · · · · · · · · · · ·
√

t1
√

t2−t1 · · · · · · √
tn−tn1





.

Consider G = (g1, · · · , gn)t. Then AG ∼ N(0,Σ).
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Two dimensional Black-Scholes model

dSi
t

Si
t

= rdt+ σidW
i
t , Si

0 = xi, i = 1, 2

The two Brownian motion are correlated

E[W
1
t W

2
t ] = ρt

E
[
(W

1
t+∆t −W

1
t )(W

2
t+∆t −W

2
t )
]
= ρ∆t

dW 1
t dW

2
t = ρdt

Using Cholevski algorithm we can write

dSi
t

Si
t

= rdt+

2∑

j=1

σijdB
j
t , S

i
0 = xi, i = 1, 2

where B1
t and B2

t are indipendent Brownanian motions.

σ =

(
σ11 σ12

σ21 σ22

)

=

(
σ1 0

ρσ2

√
1 − ρ2σ2

)
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Monte Carlo Algorithm
The Exchange option is a particular case of Rainbow option

(S1
T − λS2

T )+

Payoff function

ψ(x1, x2) = (x1 − λx2)+

With the Box-Muller algorithm we can draw (g1, g2) with gi ∼ N(0, 1) indipendent.
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Tree methods
Let us consider random walk

BN =
√
∆TSN = (

√
∆TS1

N ,
√
∆TS2

N )

SN = (S1
N , S

2
N ) where S1

N , S2
N are the two-dimensional Wiener random walk with transition

probabilities

Q
(
(x, y), (x+ 1, y + 1)

)
= 1/4

Q
(
(x, y), (x+ 1, y − 1)

)
= 1/4

Q
(
(x, y), (x− 1, y + 1)

)
= 1/4

Q
(
(x, y), (x− 1, y − 1)

)
= 1/4

Then, BN converges in law to BT = (B1
T , B

2
T ) with B1

T , B2
T indipendent Brownian motions.

EQ

[
f(BN )

]
converges to EQ

[
f(B

1
T , B

2
T )
]

.
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In order to compute e−rTEQ

[
f(SN )

]
we use the dynamic backward algorithm :






u
(
N∆T, x, y

)
= f(x, y),

u
(
n∆T, x, y

)
= e

−r∆T
[1
4
u
(
(n+ 1)∆T, x + 1, y + 1

)
+

1

4
u
(
(n+ 1)∆T, x+ 1, y − 1

)
+

1
4u
(
(n + 1)∆T, x− 1, y + 1

)
+ 1

4u
(
(n+ 1)∆T, x− 1, y − 1

)]
.
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Multidimensional Black-Scholes model






dS1
t = S1

t

(
rdt+

∑d
j=1 σ1jdB

j
t

)
, S1

0 = x1

· · · · · ·
dSd

t = Sd
t

(
rdt+

∑d
j=1 σdjdB

j
t

)
, Sd

0 = xd

where
(
Bt = (B1

t , ·, Bd
t , t ≥ 0)

)
is a d-dimensional Brownian motion with indipendent

components (Cholevski).

Basket options

(
1

d

d∑

i=1

Si
T −K)+
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Simulation of diffusions

We consider the general diffusion process:

dX(t) = b(X(t))dt+ σ(X(t))dB(t), X(0) = x,

If we don’t have any explicit solution for Xt (like for Black and Scholes model), we have to use

approximation schemes with a discretization of the process.

• The Euler approximation scheme for this diffusion is expressed as:

Xtk+1
= Xtk

+ b(Xtk
)h+ σ(Xtk

)(Btk+1
− Btk

)

Simulation is obtained with a forward algorithm by:

Xtk+1
= Xtk

+ b(Xtk
)h+ σ(Xtk

)
√
hgk

for k = 0, . . . ,M − 1.
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Convergence theorem

Let (X̄(kh), k ≥ 0) the sequence of r.v. definded by the Euler scheme with h = T
N

.

Suppose that b and σ are functions of class C4 with bounded derivatives up the order 4.

Suppose that f is a function of class C4 and of polynomial growth.

Then there exist a costant CT indipendent of h such that the Euler scheme satisfy :

∣∣E (f(X(T ))) − E
(
f(X̄(T ))

)∣∣ ≤ CT

N
.
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Vasicek model
{

drt = a(b− rt)dt+ σdBt

r0 = x.

with a, b, σ positive costants.

Mean-reversion model.

rt = r0e
−at + b

(
1 − e−at

)
+ σe−at

∫
t

0

easdBs

Then

rt ∼ N(µ, σ̂2)

µ = E[rt] = r0e
−at + b

(
1 − e−at

)

σ̂
2
= Var[rt] = σ

2

(
1 − e−2at

2a

)

Remark Q(rt < 0) > 0

Remark

E[r∞] = b

b is the long term mean value

a is the speed of the mean-reversion.
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Ornstein-Uhlenbeck process
The Ornstein-Uhlenbeck process is solution of the following s.d.e.

{
dXt = −cXtdt+ σdBt

X0 = x

If Yt = Xte
ct we have

dYt = dXte
ct

+Xtd(e
ct
).

Then

dYt = σe
ct
dBt

Xt = xe−ct + σe−ct

∫
t

0

ecsdBs.
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Mean and variance of an Ornstein-Uhlenbeck process

Xt = xe
−ct

+ σe
−ct

∫
t

0

e
cs
dBs.

We can compute the mean

E(Xt) = xe−ct + σe−ct
E

(∫
t

0

ecsdBs

)
= xe−ct

and the variance

Var(Xt) = E
(
X

2
t

)
−
[
E(Xt)

]2

= σ2
E

(
e−2ct

(∫
t

0

ecsdBs

)2)

= σ
2
e
−2ct

E

(∫
t

0

e
2cs
ds

)

= σ2 1 − e−2ct

2c
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Explicit solution in the Vasicek model

Xt = rt − b,

(Xt) is solutions of the s.d.e. :

dXt = −aXt + σdBt,

so that (Xt) is a Ornstein-Uhlenbeck process.

rt = r0e
−at

+ b
(
1 − e

−at
)
+ σe

−at

∫
t

0

e
as
dBt
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Monte Carlo method for ZCB price

P (0, T ) = EQ

[
exp (−

∫
T

0

rsds)

]

Integral approximation

∫
T

0

rsds ≈
N−1∑

i=0

rihh = h
(
r0 + rh + · · · + r(N−2)h + r(N−1)h

)

Consider g ∼ N(0, 1). Discretization schemes:

- Explicit

rt+∆t = rte
−a∆t + b

(
1 − e−a∆t

)
+ gσ

√
1 − e−2a∆t

2a

- Euler

rt+∆t = rt + a(b− rt)∆t + σg
√
∆t
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Closed formula
P (t, T ) = EQ

[
exp (−

∫
T

t

rsds)

]

The ZCB price is given by

P (t, T ) = A(t, T )e
−B(t,T ) r(t)

.

where

A(t, T ) = exp
[
(b− σ2

2a2
)(B(t, T ) − T + t) − σ2

4a
B(t, T )

2
]

and

B(t, T ) =
1

a
(1 − e−a(T−t))
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