Topics in Combinatorics 2011

Homework 2 (due October 21)

1. Recall that we defined a metric d on K{[z]] by
d(a,b) = 2~ min{i: aizb:}
for a # b. Prove the following statements.
(a) The metric space (K[[z]],d) is complete.

(b) We have a(®) — q if and only if v(a'® — a) — occ.

(c) Recall thatifz = (0,1,0,0,...),a = (an)nen and F(x) = > yanz"
are equal in K [[z]]. Prove that the sum Y -, Fj(z) converges if and
only if v(Fj(z)) — oo, and that the product [T, (1+ Fj(z)), where
Fy(0) =1 for all k, converges if and only if v(Fj(z)) — oo.

2. Prove that composition of formal power series is associative. More preci-
sely, prove that if G(0) = H(0) =0, then Fo(GoH) = (FoG)oH. Then
prove that ({F € K]|[z]]: v(F) = 1}, 0) is a group.

3. A permutation 7 € &,, is called an involution if 72 = id. Let a,, denote
the number of involutions in &,,.

(a) Prove that ap = a1 =1 and a,, = ap—1 + (n — 1)a,—o for n > 2.

(b) Use (a) to find the exponential generating function for a,.

4. A permutation w is called alternating if wy; > we < w3z > wy < ..., and
reverse alternating if wy < wg > w3 < wyq > ...

(a) Prove that the number of alternating permutations of &,, is equal to
the number of reverse alternating permutations of &,,.

(b) Denote the number of (reverse) alternating permutations of &,, by

FE,,. Prove that
n
2Ep11 = Z (k:) EvE, .
k=0

(¢) Denote the generating function

by y. Prove that
2/ =y*+1,  y(0)=1.

(d) Solve the differential equation from (c).

(e) Find Taylor expansion for tanx and 1/ cosx.



